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M. Combescot, P. Nozières. Infrared catastrophy and excitons in the X-ray spectra of metals. [3] . Lorsque la densité des électrons diminue, le spectre évolue continûment vers celui d'un isolant, la divergence au seuil se transformant en une raie d'exciton élargie par effet Auger.
Abstract. 2014 The singularities near the edges of X-ray spectra in metals are investigated by a new method, using a description of initial and final states in terms of Slater determinants. The calculation of line and band spectra is reduced to that of a single determinant, for which an asymptotic approximation is developed. Special attention is paid to the case in which the final potential is strong enough to bind an electron : the absorption spectrum then possesses two thresholds, whose characteristics are found. The position of the threshold, as well as the nature of the singularities agree completely with the predictions of Hopfield [3] . When the number of electrons decreases, the spectrum goes continuously into that of an insulator, the infrared catastrophy divergence turning into an Auger broadened exciton line.
LE JOURNAL DE PHYSIQUE TOME 32, NOVEMBRE-DÉCEMBRE 1971, Classification Physics Abstracts : 18.30 1. Introduction. - As originally suggested by Mahan [1] , the X-ray emission or absorption band spectrum of metals displays a characteristic threshold singularity, arising from the interaction between conduction electrons and the localized disturbance due to the X-ray transition. Depending on the parameters, the transition probability I(co) may be either infinite near threshold ( Fig. la) , or instead zero, with no discontinuity (Fig. lb) [2] . Near the threshold wo, I(co) behaves as where a is a critical exponent, which is positive in case (a), negative in case (b) . Such an unusual behaviour has its origin in the readjustement of the conduction electrons to the sudden change in the ionic core potential brought about by the X-ray transition. The latter tends to excite electron hole pairs out of the Fermi sea, by a process analogous to the Auger effect. Because of the large density of pair states, the number of such pairs is infinite, even though the total energy (*) Laboratoire associé au C. N. R. S. transferred to the electrons is finite. As pointed out by Hopfield [3] , we may speak of an infrared catastrophy in which infinitely many excitations of an infinitely small energy are created, in much the same way as photons in the scattering of two charged particles.
The above discussion is concerned with band spectra, in which the transition occurs between a deep core state and the conduction band. As shown by Doniach [4] , a similar effect is expected in line emission spectra, involving transitions between two discrete core states.
Because the conduction electrons are scattered differently in the initial and final states, they must again readjust to their new surroundings : the transition involves Auger excitation processes, leading to an asymmetric broadening of the sharp line on the low energy side. The spectrum has again the shape (1) (with however a different exponent) [5] .
A theoretical treatment of this « infrared catastrophy » was proposed by Roulet, Gavoret and Nozières [6] , [7] , and by Nozières and De Dominicis [8] . It is formulated in a simplified model based on the following assumptions :
(i) The disturbance in the inner shells is supposed to have no recoil : it remains localized at a given site in the lattice.
Article published online by EDP Sciences and available at http://dx.doi.org/10.1051/jphys:019710032011-12091300 FIG. 1. -Typical behaviours for the band X-ray spectra of metals. The full line corresponds to the actual spectra, the dotted line to a one electron approximation. Besides the usual low energy Auger tail in the emission case, the spectra display either a singularity near threshold (case a) or instead no discontinuity at all (case b).
(ii) The deep hole is considered as structureless, acting only as a scattering potential for the conduction electrons. Exchange processes involving Coulomb transitions between different core states are completely neglected (they would lead to Kondo singularities).
(iii) The Coulomb interaction between conduction electrons is ignored. We assume that it is included in the form of renormalized quasiparticles ; this is certainly correct close enough to the threshold, for processes which involve electron hole pairs with energies much smaller than the Fermi energy /1.
(iv) Finally, the finite lifetime of the X-ray excitedstate is not taken into account.
Let us consider first band spectra, and let b * be the creation operator for the deep core state involved in the transition (with bare energy 80). [3] . According to the Friedel sum rule [9] , an extra potential vkk, gives rise to an excess localized charge in the ground state, which in the channel (1, m, s) is equal to b zln. In the simple case of line emission spectra, the net charge ni to be brought from infinity in that channel is equal to -ôi/z. From (1) and (12) [10] .
If the system is enclosed in a spherical box, Such an approximation only provides the qualitative nature of the spectrum in a narrow frequency range around the singularities ; it gives no information on the general behaviour far from the thresholds. The extent to which this limitation can be released is briefly discussed in Appendix B.
In the weak coupling limit (ô « n), X is small quantity, and we may calculate J.. -1 (as well as log Â) as a power series in X. In order to gain some insight into the structure of the result, let us consider the first terms of the expansion of C = Log p (see eq. (30)).
The lowest contribution is (where y is the Fermi energy). For small phase shifts, sin ô e -ib ~ b: on comparing with (8) , (10) (11) (remember that here we ignore spin) ; the second term gives rise to the infrared catastrophy of G, and agrees with (12) . We recover exactly the results of reference [8] , which need no further discussion.
The only point which needs to be clarified is the choice of the determination 3. For weak coupling, the phase shift 3, remains n/6 in the whole range (0, Jl) ; the same conclusion holds for strong coupling if y is small enough and if there exists no bound state (in which case ô, --+ 0 when e, -+ 0). According to our previous discussion, the perturbation expansion in powers of sin ô e -i6 should then converge, and the determination to be chosen is Î = ô. If the coupling is strong and y large, bK may exceed n/6 at the Fermi level : 3 remains undetermined. We can however invoke a continuity argument : it is hard to imagine how increasing y could lead to a discontinuous change of à (and of the exponent f in (10) Near the two thresholds, the Fourier transform 9(co) has the form (1), with exponents al,2 = 1 -Pl,2.
The shape of the (line) absorption spectrum is sketched on figure 4 . Actually, the secondary threshold is broadened by the Coulomb interaction between conduction electrons. In our model, 0 ô n, and thus ai and a2 are both positive.
It is interesting to consider the limit u -0 (i. e. the transition toward the insulator). The (44) obeyed by ç(i, i'), one finds that the second term in the bracket of (76) is independent of t and of order 1. Disregarding an unlikely cancellation with the first term 1, the whole bracket of (47) is a number of order unity, denoted as a.
The physical response function governing band spectra is thus (see (66) and (76)). Using (70) and (77) figure 5 (note that the singularity at úJ2 will be blurred by the interaction between conduction electrons). In the limit of a near insulator (u small), the Fermi surface phase shift is close to n : al is close to 1, while a2 is very small. The main threshold is very singular, and becomes a b-function in the insulating limit : it then corresponds to the usual exciton absorption line, as foreseen in the introduction [3] , are the same in the two cases (since n is opposite in emission and absorption).
In conclusion, we see that the presence of a bound state does not affect the results of reference [8] . For both band and line spectra, the absorption possesses two threshold, while the emission has only one, which is identical to the absolute one for absorption. In all cases, the critical exponents are correctly given by Hopfield's prediction. 
